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Abstract~ The classical one-dimensional column consolidation boundary value problem is studied
for a double-porosity material. Uniaxial strain and constant vertical stress conditions are applied
to a column that is drained at the top and undrained at the bottom. An initial fluid pressure
differential develops between the matrix and fracture phases in response to surface loading when
variations in the mechanical and flow parameters of the matrix and fracture exist. The mean stress
is shown to be a linear combination of the fluid pressure in the matrix and the fluid pressure in the
fracture. The time dependent general analytical solution is given for the matrix and fracture pressure
histories and surface displacements using fracture and matrix storage coefficients defined for constant
stress (constant confining pressure) and the assumption that the cross-storage coefficient at constant
stress is negligible. Pressure and displacement histories are controlled by the mechanical and flow
properties of both the matrix and fracture and on the magnitude of the differences between the two
phases. The double-porosity solution approaches the equivalent single porosity solution for closely
spaced fractures, a small permeability contrast and a large cross-flow term. Pressures and dis
placements are also compared to previous results in the literature based on storage coefficients
defined at constant volumetric strain and the assumption that the constant strain cross-storage
coefficient is negligible. The previous results included small matrix fluid pressures and fracture fluid
pressures in excess of the applied stress. The constant stress formulation of the double-porosity
column consolidation problem produces physically intuitive results. © 1998 Elsevier Science Ltd.
All rights reserved.
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stress-based poroelastic coefficients
strain-based poroelastic coefficients
Skempton's coefficient for the matrix, fracture
shear modulus
total column height
combined matrix-fracture system permeability
permeability of the matrix, fracture
combined matrix-fracture system bulk modulus
pore fluid bulk modulus
unjacketed bulk modulus for the composite frame
drained vertical bulk modulus
undrained vertical bulk modulus
fracture spacing
confining pressure
fluid pressure in the matrix, fracture
undrained pore fluid pressure in the matrix, fracture
combined matrix-fracture system storage coefficient
storage coefficient of the matrix, fracture
fracture normal stiffness
fracture shear stiffness
time
dimensionless time
displacement
displacement due to consolidation
displacement for drained conditions, undrained conditions
total displacement
distance below the column's top boundary
Biot-Willis parameter (1- KjK,)
volumetric strain (positive in expansion)
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loading efficiency for the matrix, fracture
cross-flow constant of proportionality
fluid viscosity
Poisson's ratio
porosity
stress
increment of fluid content in the matrix, fracture (positive for a net gain of fluid)

INTRODUCTION

The response of many Earth materials can be adequately approximated using a linear
elastic theory. The presence of fluid in a porous medium requires additional terms in the
elastic equations to account for the coupling between the mechanical behavior of the rock
mass and fluid flow. For example, pore pressures rise in response to compression of the
medium if the compression is fast relative to fluid flow. An increase in pore pressure, on
the other hand, induces a dilation of the rock mass. This coupled fluid flow-deformation
behavior, poroelasticity, was first studied by Terzaghi (1923) as a one-dimensional soil
consolidation problem for a homogeneous, porous medium.

Naturally fractured rock formations form important subsurface flow systems with a
high degree of local heterogeneity. Fracture flow velocities can be high compared to
movement through the interconnected pore spaces in the matrix. Dominant fluid storage
occurs in the matrix blocks. Aquifer or reservoir systems which contain both open fractures
and interconnected pore spaces are often modeled as a double-porosity medium (Barenblatt
et aI., 1960; Warren and Root, 1963).

The poroelastic behavior of double-porosity rocks depends on both the flow and
mechanical parameters of the fracture as well as the matrix. The coupling between the
mechanical behavior and fluid dynamics in double-porosity rocks must be understood in
order to predict reservoir or aquifer performance. Storage coefficient is one property that
describes the coupling. Biot (1941) described the coupling between the fluid pressure and
stress fields using linear elastic theory for a homogeneous, porous medium. Several authors
(Wilson and Aifantis, 1982; Khaled et al., 1984; Beskos and Aifantis, 1986; Elsworth and
Bai, 1990, 1992; Bai et al., 1993) have extended the linear formulation to identify the elastic
coefficients of double-porosity models in a strain-based formulation. Berryman and Wang
(1995) presented an alternative set of constitutive equations using a stress-based formu
lation. Tuncay and Corapcioglu (1995) derived an effective stress principle for a double
porosity medium using volume averaging techniques and obtained identical results to
Berryman and Wang (Wang and Berryman, 1996).

Specifically, the purpose of this investigation is to use the stress-based constitutive
theory of Berryman and Wang (1995) to recalculate solutions to the classical one-dimen
sional column consolidation boundary value problem using measured double-porosity rock
parameters. The governing equations and assumptions are reviewed. An analytical solution
is derived for the stress-based formulation. Numerical results are examined to observe the
linear coupling between deformation and fluid flow. The solutions are compared to pre
viously published results, which were calculated using different assumptions. Insight is
gained concerning the flow characteristics and storage capacity in double-porosity media
as influenced by the imposed stress fields.

CONSTITUTIVE EQUATIONS

Static constitutive equations have been formulated by extending Biot's concepts of
poroelasticity to double-porosity rocks. It is assumed that the double-porosity sample under
investigation has been selected at an appropriate size such that the composite rock/
pore/fracture/fluid mixture is both homogeneous and isotropic. Two equivalent for
mulations exist. The difference between the formulations is the selection of the independent
vs dependent variables in the constitutive equations. Wilson and Aifantis (1982) selected
volumetric strain (positive in expansion), 1::, matrix fluid pressure, pP), and fracture fluid
pressure, p~2), as independent variables. The dependent variables are external confining
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pressure, Pc, and increment of fluid content (fluid volume accumulation per unit bulk
volume) in the matrix, ((I>, and fracture, «2) (positive for a net gain in fluid in the control
volume). The storage coefficients, which are identified and discussed later, are defined at
constant total strain. Linear relations among the variables for this strain-based formulation
take the general form

(1)

Alternatively, Berryman and Wang (1995) exchanged the roles of confining pressure
and volumetric strain. The storage coefficients are defined in terms of constant confining
pressure or constant stress. The constitutive equations in the stress-based formulation have
the matrix form

(2)

This double-porosity, stress-based formulation has a symmetric coefficient matrix with
six independent poroelastic coefficients for isotropic stress. For comparison, a single
porosity material under isotropic stress has just three independent poroelastic coefficients.
The six coefficients for double-porosity rocks occur in three categories that correspond to
the three original Biot coefficients. The coefficient all = l/K is the compressibility of the
combined fracture-matrix system. The coefficients al2 and al3 are the generalized poroelastic
expansion coefficients of the matrix and fracture, respectively. The terms an, a23' a33 are
generalized storage coefficients: an is the storage coefficient of the matrix, a33 represents
storage in the fracture, an is the cross-storage term.

A complete description of the relationship between the independent and dependent
parameters is obtained by determining the six independent coefficients. Four combinations
of these coefficients are established directly from laboratory measurements. A fifth condition
is obtained by requiring the overall compressibility to be the volume average of the matrix
compressibility and fracture compressibility. The sixth condition requires an assumption
concerning the coupling between the matrix and fracture.

The cross-storage coefficient is defined as

(3)

It is the volume of fluid added to the matrix per unit bulk volume as the fractures are
pressurized while maintaining constant external stress and constant pore fluid pressure in
the matrix. The cross-storage term in the stress-based formulation is small because the total
sample volume is free to expand (Fig. 1). Assuming a23 ~ 0 satisfactorily establishes the
required sixth condition.

This result is in contrast to the Wilson and Aifantis assumption in the strain-based
formulation that the cross-storage coefficient,

(4)

is negligible at constant volumetric strain (Fig. 2). Significant coupling occurs between the
fracture and matrix for conditions of constant total strain. It will be shown in the discussion
section that models assuming An = 0 produce unrealistic results.
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(a)

(b)

u
Fig. 1. Schematic figure representing an increase in fracture pressure of a double-porosity rock at
constant external stress. (a) Reference state. (b) Increase in fracture pressure bPfl. Because the
total volume is free to expand, the change in fluid mass is small, and hence, the cross-storage

coefficient is small.

GOVERNING EQUATIONS FOR UNIAXIAL STRAIN

The one-dimensional column consolidation problem incorporates special conditions,
which simplify the mathematics, and illustrates the significance of the cross-coupling storage
coefficient. Van der Kamp and Gale (1983) showed that uniaxial strain conditions in a
homogeneous single-porosity material reduce a coupled, inhomogeneous pressure diffusion
equation to an uncoupled, homogeneous diffusion equation. Analogous simplifications are
used in this derivation with the inclusion of additional terms to account for a double
porosity material.

The one-dimensional column is composed of double-porosity rocks of height, h (Fig.
3). Poroelastic boundary value problems require both a fluid boundary condition (pressure
or flow) and a mechanical boundary condition (stress or displacement). For the column
problem, there is a no flow boundary everywhere except the top. The fracture and matrix
phases start with zero pore pressure. The top boundary is maintained at a constant pore
pressure of zero in both the fracture and matrix. A constant stress (positive in extension)
is applied to the top boundary. The bottom boundary has no vertical displacement while
the sides have no horizontal displacement.

The poroelastic constitutive equation for strain written in terms of stress and pore
fluid pressure for a double-porosity rock can be expressed as

(5)

where (Jkk is the sum of the principal stresses and bij is the Kronecker delta. Equation (5)
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(a)

Fig. 2. Schematic figure representing an increase in fracture pressure of a double-porosity rock at
constant volumetric strain. (a) Reference state. (b) Increase in fracture pressure opFI. As the
fracture volume expands, the matrix must contract and expel fluid. Hence, the cross-storage

coefficient is significant.

generalizes eqn (2) to include shear strains and stresses. It is assumed that neither p}ll nor
p}2) influence shear strain. The parameters G and v are introduced as the shear modulus
and Poisson's ratio of the combined fracture-matrix system. Stress, strain and fluid pressure
are all taken to be changes relative to a reference state. The uniaxial strain boundary
condition requires

(6)

The sum of the principal stresses can be written as a linear combination of the applied
stress and the pore fluid pressure in the matrix and fracture when the conditions of eqn (6)
are applied to eqn (5),

where

t1 = 4G (1 +v) = 2(l-2v) .
3 I-v all(l-v)

(7)

(8)

Constant stress
The condition of constant stress, (J1l = 0, applies at all times except at the instant of

loading. For all times greater than t = 0, the mean stress can then be written as a linear
function of the sum of the two fluid pressures
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--- no-flow boundary

----- drained boundry, pt'(t) = p/2l(t) = a
.. no vertical displacement

~ no horizontal displacement

Fig. 3. Schematic representation of the column consolidation problem.

(9)

Equation (9) is the double-porosity generalization of the single-porosity result given by
Van der Kamp and Gale (1983) that mean stress is proportional to pore pressure. The
consequence of applying the uniaxial strain and constant vertical stress conditions is that
the pore pressure equations uncouple from the stress equations.

Substituting eqn (9) into (2) and defining the confining pressure as Pc = - (Ukk/3) yields

(10)

and

(11)

where
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(12)

(13)

(14)

The increment of fluid content may also be expressed using continuity and Darcy's
law as

and

ar(l) k a2 (I)

-"-=~~+K(P(2)_ (I))
at ~ 2 r PrJ1 ox

ar(2) k ~2 (2)
_,,_ - ~~ -K( (2)_ (1))

at - J1 ax2 Pr Pr

(15)

(16)

where k] and k2 are the permeabilities of the matrix and fracture, respectively, and J1 is the
fluid viscosity. The second term in eqns (15) and (16) is a cross-flow term proportional to
the difference in pressure between the fracture and matrix, where K is the constant of
proportionality (Warren and Root, 1963). Fluid flow between the matrix and fracture is
proportional to their pressure difference.

Two coupled diffusion equations are obtained by taking the time derivatives of eqns
(10) and (11) and substituting them in eqns (15) and (16) :

k a2 (I) a (I) ~ (2)
~~+K( (2) (1))_./, ~+,I, °Pr
J1 ax2 Pr -Pr - 'I'll at '1'12 at '

k a2 (2) a (1) a (2)
~~-K(P(2)- (1))=./, ~+,I, ~
J1 ax2 t Pr 'I' 21 at 'I' 22 at .

(17)

(18)

These equations have the same mathematical form as the strain-based eqns (3.6) of
Wilson and Aifantis (1982) even though they neglected the cross-storage term An. Equa
tions (17) and (18) generalize the result to include the cross-storage term. No assumption
concerning the magnitude of the coupling between the matrix and fracture has been made
in the derivation. The significance of the cross-storage term assumptions is evaluated in the
discussion section.

ANALYTICAL SOLUTION

The solution to the consolidation problem consists of three parts: (1) the undrained
response caused by the sudden application of the load; (2) the transient response due to
fluid flow to the drain; and (3) the final drained response when there is no additional
change in the column fluid pressure. The solution to each stage of consolidation behavior
is given for the total displacement, and the pore pressure in the matrix and fractures,
respectively. The solutions are presented for both the double-porosity and equivalent single
porosity medium to facilitate comparisons.
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Undrained response-double-porosity
The undrained response occurs at loading when the increment of fluid content in both

the matrix and fracture is zero. The pore fluid pressures and the axial strain can be solved
by substituting eqn (7) into the constitutive eqns (6) and (5) and setting ((I) = ((2) = O.
Solutions for the undrained pore fluid pressures in the matrix, p~I), and fracture, p~2), are

where

y(l) = 3(1 +v)a12 B(I)

[4G(1 + v)aT2 -9(1- v)an]B(I) + [4G(I + v)al2al3 -9(1- v)a23]B(2)

y(2) = 3(1 +v)aI3 B (2)

[4G(1 + v)aT3 -9(1- v)a33]B(2) + [4G(1 + v)a12a13 -9(1- v)a23]B(I)

B(I) = a13 a23 -a12 a33 ~ _ ~
ana33-aL an

(19)

(20)

(21)

(22)

(23)

(24)

B(I) and B(2) are Skempton's coefficients for the matrix and fracture, respectively. The
coefficients y(1) and y(2) are loading efficiencies for the matrix and the fracture, respectively,
when the bulk material is in a state of uniaxial strain. They are the ratio of the undrained
response of pore pressure to axial loading with negligible horizontal displacements. Each
loading efficiency term reduces to the single-porosity loading efficiency parameter defined
by Van der Kamp and Gale (1983) as one of the porosities goes to zero.

The undrained axial strain is

Taking the ratio Slut/all defines the undrained uniaxial compressibility,

1 _ (1 +v) (I) (2)
- - 3(1 ) [all -al2 y -a13 y ].
K(U) -v

v

(25)

(26)

The initial displacement at the top of the column due to the instantaneous loading under
undrained conditions is

U(U) = U (0 0) = _ a II h .
T , K(u)

v

(27)

Undrained response-long time
The behavior of a double-porosity system can be analyzed by assuming the material

can be considered homogeneous at some appropriate larger time scale. A long-duration
undrained test of a double-porosity rock produces the same physical results as an equivalent
single-porosity rock. The coefficients of the equivalent material are defined as
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(28)

(29)

(30)

where the asterisk represents parameters for the equivalent homogeneous material. The
undrained uniaxial pore pressure, p~, is

where the loading efficiency for the state of uniaxial strain is

* _ 3(1+v)af2
I' - 9(1-v)a~2 -4G(1 +v)af2a f2

The undrained axial strain for the equivalent material is

Taking the ratio of e\U(* /(J 11 defines the equivalent undrained uniaxial compressibility

_1__ (1+v) * * *
K(u)* - 3(1-v) [all -al21' ].

v

(31 )

(32)

(33)

(34)

The initial displacement at the top of the column due to the instantaneous loading under
undrained conditions is

(U)* _ (JI1hU --
K(ul*

v

(35)

Transient solution-double-porosity
Wilson and Aifantis (1982) derived analytical solutions for the pore fluid pressure in

the matrix and fracture, and the vertical displacement due to column consolidation using
a strain-based formulation. Analytical solutions are derived for the stress-based formulation
using analogous methods.

The coupled eqns (17) and (18) can be solved using the finite Fourier transform pair

fh . (2n+ l)nx
pen, t) = Jo p(x, t) sm 2h dx

2 00 _ • (2n+ l)nx
p(x, t) = hn~o pen, t) sm 2h .

(36)

(37)

Application of the forward transform results in two coupled first order differential equations
which can be solved by ordinary techniques (Wilson and Aifantis, 1982). The pore fluid
pressure solutions are

(38)

and
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(2) _ ~ ~ [ (-D 21 ) Zit (-D21 ) Z'tJ . (2n+ l)nx
Pf - h L... WI D _ Z e - W2 D _ Z e - Sill 2h

n=O 22 1 22 2

2 (k2
)m -; l/J12 +K(l/J22 +l/J12)

D l2 = ----------
l/Jl1l/J22-l/Jr2

(2n+ l)n
m= 2h

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

The total displacement field is calculated by integrating the vertical strain equation
over the column length, applying the boundary conditions and substituting the pore fluid
pressure solutions. The result is

The settlement due to consolidation is Uc = UT - Uu).
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Transient solution-single-porosity
The double-porosity formulas reduce to known single-porosity equations for an equi

valent medium when the matrix-fracture interplay is steady state (Detournay and Cheng,
1993).

m2k*t
2p~ oc I _-__1 • (2n + l)nx

pf= - L -e I't/Jjl sm---::--::---
h n~om 2h

(51)

(52)

Drained response
The drained response occurs when there is no pore fluid pressure change, i.e.,

p}l) = p}2) = O. The solutions for a double-porosity material are equivalent to single
porosity rocks at drained conditions. The axial strain is

(53)

The drained uniaxial compressibility is

The total displacement for drained conditions is

U(d) =

RESULTS

(54)

(55)

Numerical results are calculated using two separate methods to check for numerical
accuracy and consistency. One method is to evaluate directly the analytical solutions derived
in the previous section. The accuracy of the analytical results depends on the number of
terms in the infinite sum. A large number of terms is required at short times, but the solution
is more robust as time increases. A second method is to solve eqns (17) and (18) using a
Crank-Nicolson finite difference approximation. A bitridiagonal matrix routine is used to
handle the coupled nature of the equations. The solution is accurate in the order of the
square of the time and spatial sampling internal (0(.1(2, flx2)).

Table 1 shows rock properties for Berea sandstone. These values and fracture properties
are used in calculating the double-porosity model parameters shown in Table 2. The

Table I. Berea sandstone properties

Parameter

J('-1 1, GPa
Kf,GPa
K"GPa
v(11

4>(1)

0:(1)

Bill

Value

8.0"
3.3"

36.0"
0.2"
0.064b

0.78'
0.847'

"From Rice and Cleary, 1976.
b From Touloukian et al., 1989.
'From Berryman and Wang, 1995.



4856 K. T. Lewallen and H. F. Wang

Table 2. Double-porosity model parameters calculated using Berea
sandstone propertie.s and estimated fracture properties (Berryman and

Wang, 1995)

Parameter

L,m
Sn, GPa/m
s" GPa/m
G,GPa
v
V(I)

L,(2J

J(i.2), GPa
all,I/GPa
a",I/GPa
al3,I/GPa
an,I/GPa
an,I/GPa
a3J , I/GPa
k1//l, m2/GPa s
k2//l, m2/GPa s
K, I/GPa s

Formula

l-v(2)
0.1et>(1)
snLlP)
I/K
_V(l)(X(l)/J(i.ll

_V(2)/J(i.2)
v(l)(X(l)/B(l)J(i.l)

Value

0.1
12.1
10.0
0.857
0.18
0.9936
0.0064
0.00774
0.951

-0.0969
-0.826

0.1144
0.0
0.828
0.0001
1.0
0.06

constant stress cross-storage coefficient a23 is assumed to be zero (Berryman and Wang,
1995). Values of the shear modulus and Poisson's ratio of the combined matrix-fracture
system are determined using the bulk modulus and Poisson's ratio of the matrix and
assumed shear stiffness,

G(l)ssL
G=~~~

(G(l) +ssL)

(Goodman, 1980) and

3K-2G
v = 2(3K+G)'

where

The cross-flow parameter, K, is defined by the relation

(56)

(57)

(58)

(59)

where 9 is a parameter which reflects the geometry of the matrix block. Output from the
modeled parameters is examined followed by parameter sensitivity results. Normalized and
dimensionless plots are used to generalize the results. Fluid pressures are normalized to
the magnitude of the applied stress. Displacements are normalized to the total surface
displacement at drained conditions. Depths are normalized to the maximum column height.
Dimensionless time is defined by the formula
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Fig. 4. Fluid pressure response in the fracture phase at twenty-one different times. The dimensionless
time increment is to = 0.006.

(60)

where S is the total storage coefficient, S = S, + S2 = an+a33, and k is the total
permeability, k = k] +k2•

Figure 4 is a plot of the fluid pressure distribution with depth in the fracture phase at
twenty-one different times. The undrained fluid pressure response is 95% of the applied
vertical load and is constant throughout the column. The twenty remaining curves show the
fracture pressure distribution at evenly spaced dimensionless time increments of to = 0.006.
Fracture fluid pressure at every depth decreases with increasing time. The fractures have a
high conductivity and the fluid pressure distribution changes rapidly. The bottom of the
column responds more slowly than the upper section due to the increased distance to the
fluid outlet at the top of the column.

Figure 5 is the corresponding plot for the matrix pore fluid pressure distribution with
depth. The instantaneous undrained response in the matrix at the time the load is suddenly
applied is a constant throughout the column. The pressure is 81 % of the applied load or
14% lower than the undrained fracture fluid pressure response. A positive pressure gradient
exists between the fracture and matrix material resulting in flow out of the fracture and
into the matrix at all depths initially. The high conductivity of the fracture causes fluid to
exit the system quickly at the shallow depths reducing and changing the sign of the pressure
differential between the fracture and matrix, which inhibits significant build up of matrix
pressure. At depths farther from the fluid drain, however, cross-flow occurs for long times
resulting in measurable matrix pressure buildup. Pressure in the fracture decreases more
rapidly than the pressure in the matrix due to the fracture's higher permeability. Eventually,
the fluid pressure in the fracture is less than the fluid pressure in the matrix throughout the
column. Matrix pressures slowly decay by matrix flow toward the top and cross-flow into
the fractures.

The relationships between the fracture and matrix pressures are clearly seen in Fig. 6
for depths of 0.4 hand 0.9 h below the top of the column. For each depth, the fracture
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Matrix Pressure
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Pm / 0"11

Fig. 5. Pore fluid pressure response in the matrix phase at twenty-one different times. The constant
dimensionless time increment is 0.006.

Pressure History
1.0 +-~_'___-.l.___'___.l_~_'___-.l.___'___-'--~_'___ _+

0.9

0.8

.....0.7

tr-Q. 0.6

0.5

0.4

\
\

\
'\

'\

" "

"Depth=O.4 h

Matrix
Fracture

0.200.180.160.140.120.02
0.3 +----"T---r--.,----,---.,-----,---,---,..::-""::=;O---+

0.00 0.04 0.06 0.08 0.10

tD
Fig. 6. Pore fluid pressure histories at two separate depths below the surface, 0.4 h (thin line) and
0.9 h (thick line). Solid lines show matrix pore fluid pressure whereas dashed lines represent the

fracture fluid pressure.

pressure is initially greater than that of the matrix. This pressure gradient induces flow from
the fractures into the matrix until the two curves cross. The rapid crossover in the pressure
differential between the fracture and the matrix at shallow depths causes nominal pressure
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1.0-r--~----'-~-~-~-~==::::=======t
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~ 0.6
~

=>-l-

=> 0.4

0.2

1.00.80.60.40.2
0.0 -!-------r------,-----,------r-------!-

0.0

to
Fig. 7. Total surface displacement for a column composed of a double-porosity material when a
constant vertical load is applied with negligible horizontal displacement. The discontinuity at zero

time is the undrained response.

increases in the matrix. The maximum matrix pore fluid pressure occurs early in time. The
fluid pressure crossover time at 0.9 h is delayed compared to 0.4 h because the fracture flow
path to the fluid drain is longer. This long duration pressure gradient causes a 10% increase
in the matrix fluid pressure. A column model without the fluid drain has a normalized
equilibrium pressure of 0.93. The high conductivity of the fracture causes rapid changes in
pressure within the fracture relative to the lower permeability matrix blocks. The pressure
gradient reverses sign at all times greater than the instant of crossover inducing fluid flow
out of storage in the matrix and into the fractures.

Figure 7 shows the normalized total surface displacement as a function ofdimensionless
time. The instantaneous displacement that occurs at the instant of loading is 9% of the
maximum total surface displacement at drained conditions. The greatest rate of con
solidation occurs during early time. The drained displacement is approximated by the
asymptotic curve during late time.

Model parameter sensitivity
The effects of varying fracture spacing, contrast in permeability between the fracture

and matrix, magnitude of cross-flow, and matrix porosity are investigated. A pressure
history at 0.5 h and a displacement history are plotted for each case.

Fracture spacings of 0.01 and 1.00 m are compared to the original spacing of 0.1 m
(Figs 8 and 9). An increase in the distance between the fractures decreases the total
compressibility and total permeability of the combined matrix-fracture system. Longer
fracture spacing also reduces the instantaneous buildup of fluid pressure in both the matrix
and fracture, reduces the initial pressure gradient between matrix and fracture, and decreases
the cross-flow term. Matrix pressure decreases slowly due to the reduced surface area of
cross-flow and the increased flow distance to a fracture. Closely spaced fractures increase
the fractured rock compressibility, the undrained fluid pressures, the initial gradient between
the matrix and fracture, and the cross-flow between the two phases. The matrix phase
equilibrates with the fracture phase quickly. Pressure equilibration is maintained because
of the large surface area for cross-flow and the short flow distance to fractures.

Permeability variations are examined by holding the matrix permeability constant and
decreasing the intrinsic permeability ofa single fracture by one and two orders of magnitude.
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Fig. 8. Pressure histories at a depth of 0.5 h for three different fracture spacings. Solid lines are for
the matrix phase and the dashed lines are for the fracture phase. The matrix and fracture phase

pressures equilibrate rapidly for closely spaced fractures (0.01 m).
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Fig. 9. Total surface displacement variations caused by fracture spacing changes. Cfdl is the total
surface displacement for drained conditions using a fracture spacing of 0.1 0 m.

The magnitude of the cross-flow parameter in unaffected by fracture permeability per
turbations because K is a function of matrix permeability, fluid viscosity, fracture spacing,
and the surface area flow geometry [eqn (59)]. Decreasing the fracture to matrix per
meability ratio reduces the fracture's ability to preferentially drain relative to the matrix.
Fluid moves less rapidly through the fractures to the drain at the top of the column (Fig.
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Fig. II. Total surface displacement variations due to fracture-to-matrix permeability ratio changes.

10). More fluid flows out of the fractures and into the matrix which forces the matrix pore
fluid pressure to rise. Pressure gradients and, hence, cross-flow is reduced once the matrix
pressure approaches the fracture pressure. The volumetric expansion observed for low
permeability contrasts is caused by the increase in matrix phase pressure (Fig. 11).

The cross-flow parameter, K, is assumed to be a function of the matrix permeability,
fluid viscosity, fracture spacing, and surface area flow geometry. A skin factor at the
matrix-fracture interface may reduce the rate of cross-flow. Manifestations of cross-flow
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Fig. 12. Pressure histories at a depth of 0.5 h for three different cross-flow terms. Solid lines are for
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Fig. 13. Total surface displacement variations caused by cross-flow changes.

perturbations are seen in Figs 12 and 13. High K values represent high rates of cross-flow,
which increases the matrix pore fluid pressure to increase until it crosses over the fracture
fluid pressure. Low pressure gradients are maintained after the initial crossover. Although
the large buildup ofmatrix pressure causes slight volume expansion, rapid cross-flow utilizes
the fracture's high permeability resulting in rapid total pressure reduction and fast column
consolidation. Low K values reduce cross-flow. Fracture pressures drop rapidly, but matrix
fluid pressures change slowly, which decreases the rate of column consolidation.
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surface displacement for drained conditions using the assumption of an = O.

Figures 14 and 15 are the pressure and displacement histories for an increase in matrix
porosity assuming no other parametric changes. The parameters used in the model are
consistent with ¢(l) = 0.064 as given by Berryman and Wang (1995) and Elsworth and Bai
(1992). The poroelastic properties of Berea sandstone have been measured recently by Hart
and Wang (1995) with the matrix porosity equal to 19% (¢(1) = 0.19). Increasing matrix
porosity causes a small decrease in the matrix poroelastic expansion coefficient, a12 and a
large increase in the matrix storage coefficient, a22' Consequently, the matrix Skempton's
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coefficient, EO), is decreased. The instantaneous buildup of fluid pressure in the matrix is
decreased. The initial pressure gradient between the matrix and fracture is higher which
increases the cross-flow of fluid out of the fracture and into the matrix. The large pressure
buildup in the matrix forces the column to expand. Consolidation is delayed relative to the
low porosity case, but the rate of change in the displacement is similar once the matrix and
fracture fluid pressures cross over and the pressure gradient reverses sign.

DISCUSSION

The constant stress and constant strain formulations are equivalent as long as no
assumptions are made about the values of the material coefficients. Differences in the
formulations exist only in the choice of whether strain or stress is the independent variable.
The different formulations lead to different boundary conditions on the representative
elementary volume for the storage coefficient tensor.

Several authors (Wilson and Aifantis, 1982; Khaled et al., 1984; Beskos and Aifantis,
1986; Elsworth and Bai, 1990, 1992; Bai et al., 1993) assume the constant strain cross
storage coefficient is negligible (A 23 = 0). This assumption produces a small underestimation
in the fracture pressure and a significant underestimation of the matrix pressure at short
times (Fig. 16). The underestimation establishes an exaggerated pressure gradient between
the matrix and fracture causing significant cross-flow of fluid out of the fracture and into
the matrix. Matrix pressure increases by a factor of five. The extreme buildup in the matrix

(a)
1.0

0.8,....,....
b 0.6-a.. 0.4

0.2

- Wilson and Aifantis
- a23 =0.0

- -
0.200.160.08 0.12

to
0.04

0.0 -+-,.........,..~..,.........--.-~~~.....-,--..~-.--,.-.-~......-t-

0.00

(b)
1.0

0.8,....,....
b 0.6-a.. 0.4

- Elsworth and Bai
- a23 =0.0

0.2

0.200.160.08 0.12

to
0.04

0.0 -+-,.........,..~..,.........~~~~.....-,--..~~,.-.-~......--t-

0.00

Fig. 16. A comparison of the fluid pressure histories for different storage coefficient assumptions.
Solid lines are for the matrix phase and the dashed lines are for the fracture phase. The constant
stress cross-storage coefficient an is assumed to be zero in the stress-based constitutive theory (thin
lines). Alternative storage coefficient assumptions are made by other models (heavy lines) with (a)

A23 = 0 (an # 0), and (b) An = 0 plus rigid fracture and rigid matrix volume.
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Fig. 18. A pressure history comparison between the double-porosity model and the equivalent
single-porosity model. The pressure in the equivalent single-porosity model approximates the frac

ture pressure profile in the double-porosity model.

pressure causes the column to expand about three times the maximum consolidation
(Fig. 17).

In addition to assuming that the constant strain cross-storage coefficient is negligible,
Elsworth and Rai (1990, 1992) further assumed the constant strain fracture storage
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Fig. 19. A total surface displacement history comparison between the double-porosity model and
the equivalent single-porosity model.

coefficient depends only on the fluid compressibility, A33 = v(2)/Kr (rigid fracture), when in
fact the fractures can expand due to matrix contraction within the constraint of constant
total strain. Additionally, they assumed that the constant strain matrix storage coefficient
is a function of the compressibilities of the fluid and solid grains, A 22 = ¢(1)/Kr+ (1- ¢(I)/Ks

(rigid matrix volume). The early time pressure histories suggest negligible pressure buildup
in the matrix and pressures in excess of the applied stress in the fracture (Fig. 16). The
extreme gradient produces massive cross-flow, enormous matrix pressure buildup, and
unreasonably large volumetric expansion (Fig. 17).

Equivalent single-porosity case
The equivalent single-porosity case is best used to show the long term, steady-state

limit of a double-porosity model. The equivalent single-porosity rock has the total storage
and permeability of the combined fracture-matrix system, but ignores the interaction
between the fracture and matrix. Analysis of the equivalent single-porosity rock, therefore,
highlights the significance of this interaction.

Except for the slightly lower initial values, the equivalent single-porosity pressure
history mimics the fracture phase pressure curve of the double-porosity rock (Fig. 18). It
should be remembered, however, that the volume fraction of the rock mass which is
fractured is small compared to the total volume. Subsurface pressure measurements would,
most likely, record values closer in magnitude to the matrix phase.

Furthermore, the rate of displacement for the double-porosity model is smaller than
the equivalent single-porosity case (Fig. 19). Cross-flow in the double-porosity rock
increases matrix fluid pressure causing a slight volumetric expansion. Consolidation of the
double-porosity column remains positive, but reduced compared to the equivalent single
porosity model.

Equivalent single-porosity models are often used to approximate complex double
porosity rocks. Differences between the single-porosity and double-porosity models exist
in the fluid pressure and displacement histories at early times before steady state cross-flow.
Subsurface pressure measurements recorded in a truly double-porosity rock, but used
for predictive modeling in an equivalent single-porosity model would produce unreliable
displacement and pressure predictions. The magnitude of these differences is dependent on
the volume and rate of fluid interaction between the matrix and fracture.
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(1) Uniaxial strain and constant vertical stress conditions in the column consolidation
problem imply that the mean stress is a linear combination of the two fluid pressures.
This result is analogous to the single-porosity case with one additional term to account
for the second fluid pressure. Applying this linear relation results in two coupled
diffusion equations written in terms of the two pore pressures, independent of stress. A
general analytical solution is given for matrix and fracture pressure histories and surface
displacement.

(2) The constant stress and constant strain formulations are equally valid formulations,
not competing theories. However, the negligible constant strain cross-storage coefficient
assumption which has been invoked in the constant strain formulation leads to prob
lems. Defining the fracture and matrix storage coefficients at a constant strain accen
tuates the problems. The constant stress formulation produces physically intuitive
results for the column consolidation problem studied in this paper. The cross-storage,
a23 , is small and indicative of the division of fluids in the two separate porosities.

(3) The double-porosity model produces fluid pressure and displacement histories at early
times which cannot be adequately modeled using equivalent single-porosity assump
tions. The magnitude of the differences between the single and double-porosity results
is determined by the degree of interaction between the fracture and matrix.

Finally, the one-dimensional column consolidation boundary value problem provides
a useful benchmark solution for the poroelastic behavior of a double-porosity continuum
model. The direction of future work is to apply this model to other practical engineering
and geophysical problems. For example, radial flow to a well, tidal loading, and earthquake
loading in fractured-porous rocks are all problems where a poroelastic double-porosity
model may provide additional insight.
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